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Bell-Type Inequalities in Orthomodular Lattices.
I. Inequalities of Order 2

Anatolij Dvurecenskij' and Helmut Linger?
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We study Bell-type inequalities of order n with emphasis on the case n = 2 in
the framework of the structure of an orthomodular lattice, which is a
logicoalgebraic model of quantum mechanics. We give necessary and sufficient
conditions for the validity of Bell-type inequalities of order 2. In particular, we
study Bell-type inequalities in various structures connected with a Hilbert space,
and we give a characterization of Boolean algebras via the validity of certain
Bell-type inequalities.

1. INTRODUCTION

The probability world of classical mechanics may be described in the
framework of Boolean algebras as was done in the Kolmogorov (1933)
axiomatic model. In contrast to this, quantum mechanics provides a more
general structure than Boolean algebras. Bell (1964) gave an example of an
inequality involving three probabilities

pla) + p(b) — planb) =1

which is valid in classical probability theory but violated by some quantum
mechanical experiments. This observation started an intensive investigation
of so-called Bell-type inequalities (Clauser et al., 1969; Santos, 1986, 1988;
Beltrametti and Maczyniski, 1991, 1992a,b, 1994; Pulmannové and Majernik,
1992; Pulmannova, 1994; Linger and Maczynski, n.d.).

Today we use a logicoalgebraic approach to quantum mechanics (Birk-
hoff and van Neumann, 1936; Varadarajan, 1968), where two essential postu-
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lates are proposed: (i) to any physical system & an orthomodular lattice L
(also called a quantum logic) is associated, and (ii) any preparation procedure
of the physical system defines a state.

By a Bell-type inequality of order n we understand any inequality of
the type

ENﬂqﬂemu

ICN

which holds for a state p in an orthomodular lattice L (and for all gy, ...,
a, € L), where f(I) is a real coefficient, p(A;<; @;) is a correlation, or a joint
distribution, of the set of events {a;: i & I} in the state p, ay, ..., a, € L,
and N := {1, ..., n}.

A general approach using orthomodular lattices has been studied in
Beltrametti and Maczyiniski (1994) and Linger and Maczyniski (n.d.), where
it was shown that there exists an intimate connection between Bell-type
inequalities of order n holding in any classical model on the one hand and
inequalities of type

Z fa) [0, 1] forany KCN

iCK

on the other hand.

This and a subsequent paper are devoted to the investigation of Bell-
type inequalities within the framework of orthomodular lattices. In the first
paper we study Bell-type inequalities of order 2. It turns out that the validity
of as much as possible of such Bell-type inequalities is equivalent to the
subadditivity of the corresponding state.

The paper is organized as follows: The basic definitions and notions are
given in Section 2, and the definitions of a correlation function and of a Bell-
type inequality of order n follow in Section 3. Section 4 contains general
criteria for validity of Bell-type inequalities of order 2. In Sections 5 and 6,
Bell-type inequalities in various structures connected with Hilbert spaces and
in some other orthomodular lattices are studied. The connection between
Bell-type inequalities of order 2 and the distributivity of the corresponding
lattices is exhibited in Section 7.

We postpone a detailed study of Bell-type inequalities of order at least
3 to the subsequent paper.

2. BASIC DEFINITIONS AND NOTIONS

We shall assume that the event structure of a quantum mechanical
measurement is described by a quantum logic, or, equivalently, by an ortho-
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modular lattice (OML) L. So, let L be an OML, i.e., L is a lattice with respect
to a partial ordering = and with the greatest and least elements 1 and O
(0 # 1), equipped with an orthocomplementation *: L — L, a » a*, a, a*
e L, such that, foralla, b € L: () ¢** = q; (i) avat = 1; (i) ifa =
b, then b* =< a*; (iv) if a < b, then b = a v (b A a't) (orthomodular law).
If an OML L is as a lattice o-complete or complete, then we say that L is a
o-OML or a complete OML, respectively. For more details on OMLs see
Beran (1984), Kalmbach (1983), Ptdk and Pulmannova (1994), and Dorninger
and Miiller (1984) and on lattices Birkhoff (1967).

We say that two elements a and b of L are: (i) orthogonal, and write a
L b, iff a = b*t; (ii) O-orthogonal if a A b = 0; (iii) compatible, and write
a « b, iff there are three mutually orthogonal elements a,, b,, ¢ € L such
thata =g, ve,b=bvec.Thena =anbt,by=barat,c=anb.
It is possible to show thata < b iffa = a A b v a A b* (Kalmbach, 1983).3

A subset L, of L containing 0 and 1 is said to be a sub-OML of the
OML L if a € L, implies a* € Ly, and if @, b € Ly implies a v b € Ly,
where the joins taken in Ly and L are the same. If M is a subset of L, then
there exists a smallest sub-OML of L, denoted by Ly(M), containing M;
indeed, Lo(M) = N{Ly, C L: Ly 2 M, L, is a sub-OML of L}; it is called
the sub-OML of L generated by M. If a sub-OML L, of L is distributive,
ie., if for all a, b, ¢ € L, we have

(avbyac=ancvbnac 2.1
or

(anb)ve=(@aveyabvoe (2.2)
then we call it a Boolean subalgebra of L.

The center of Listhe set C(L)y = {a € L:a « bforallb € L}. Itis
clear that 0, 1 € C(L), and if a € C(L), then a* € C(L). In addition, C(L)
is a Boolean subalgebra of L. Moreover, an OML L is a Boolean algebra iff
L = C(L). An OML L is said to be irreducible iff C(L) = {0, 1}.

If the event structure L of a physical system & is a Boolean algebra,
we say that & is a classical system, and if L is not a Boolean algebra, we
say that & is not a classical system. If the event structure of a subsystem %,
of the physical system & forms a Boolean subalgebra Ly of L, we say that
%, is locally classical in %.

For any pair a, b e L, we define the commutator, com(a, b), of a, b via

com(a, b)) =anbvanbtvatabvatabt (2.3)
Then a - b iff com(a, b) = 1. Itis clear that if a L b, thena A b = 0;
the converse implication holds in any Boolean algebra. We recall that by

3We note that A has a higher priority than v.
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Varadarajan (1968), Lo(M) is a Boolean subalgebra of L iff a « b for all q,
beM

One of the most important models of quantum logic theory is the system
L(H) of all closed subspaces of a real or complex Hilbert space H (not
necessarily separable), where the partial ordering = is the set-theoretic inclu-
sion, with the orthocomplementation *: M » M* := {x € H: (x,y) = 0
for all y € M}, and with the null subspace {0} and the whole space H as
the least and greatest elements. L(H) then forms a complete OML.

A mapping p: L — [0, «) is said to be:

(1) subadditive if p(a v b) = p(a) + p(b), for all a, b € L;

(i1) a valuation if p(a v b) + p(a A b) = p(a) + p(b), for all a, b
e L

(iii) O-additive if p(a v b) = p(a) + p(b) whenever a A b = (;

(iv) additive if p(a v b) = p(a) + p(b) whenever a | b;

(v) o-additive if, for {a;}=, with a; L a;, i # j, such that Vi_, a; €
L, we have p(viL, a) = ZL; p(ap;

(vi) completely additive if, for any index set I and any system {a;};,
with a; L g;fori # j, i,j € I, and v;; a; € L, we have*
PVier @) = Zieq pay);

(vii) a state if p is additive and p(1) = 1;

(viii) distributive if p((av b) Ac) =plancv bnac)foralla, b, c
e L;

(ix) modularif plav by ac)) =plavbac)foralla, b,celL
with ¢ = ¢;

(x) positive if p(a) > 0 whenever a € L\{0};

(xi) Jauch—Piron if p(a v b) = 0 whenever p(a) = p(b) = 0;

(xii) O-1-valued if p(L) = {0, 1}.

We denote by S(L) the set of all states on L. We say that a system %
of states on an OML L is: (1) separating if p(a) = 0 for all p e P implies
a = 0; (ii) ordering if p(a) = p(b) for all p € P implies a = b; (iii) unital
if given a # 0, there exists a state p € % such that p(a) = 1; (iv) full if
pla) = p(b) for all p € P implies a = b. We note that any unital system
is separating.

If L is a Boolean algebra, then any state is 0-additive, subadditive, and
a valuation. If L is not a Boolean algebra, there may exist states which are
not subadditive. Since subadditive states will play an important role in a
discussion of Bell-type inequalities, (see Sections 4 and 5), we give also a
deeper analysis of this notion.

43ier pla):= sup{Z;.; play): J is a finite subset of 7}.
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Example 2.1. Let L be given by Fig. 1 (this OML is denoted by MO2
and called the Chinese lantern). Every state p on L is of the following form:
p©0) =0, p(a) = a, pla*) = 1 — a, p(b) = B, p(b*) = 1 — B, and p(1) =
1, where o, B e [0, 1]. Such a p is subadditive iff « = B = 1/2 (see
Proposition 6.1 or 6.6).

Example 2.2. Let L = L(H), dim H = 2, and put
pM) = N[Pyx|I* + (1 = MIPyxall>, M e L(H)

where 1/2 < N\ = 1, x; and x, are two orthonormal vectors in H, and P, is
the orthogonal projection from H onto M. Put x; := ﬁ/Z(x, + x;) and x;
:= x,. Then xj and x; are linearly independent vectors and they generate a
two-dimensional subspace H, of H. If M, denotes the one-dimensional sub-
space of H generated by a nonzero vector y € H, we have

1 = p(Ho) > p(M;) + p(M,;) = 3 — 2\)/2
so that p is a state which is not subadditive.

Example 2.3 f L = L(H), 1 = dim H = r < o, then p: L(H) —
[0, 1], defined by

p(M) = dim Mi/n, M e L(H) 2.4)
is a subadditive state on L(H).

3. CORRELATION FUNCTIONS AND BELL-TYPE
INEQUALITIES

According to Beltrametti and Maczyniski (1994) and Langer and Maczyn-
ski (n.d.), we introduce a correlation function which will be a crucial notion
in our considerations of Bell-type inequalities.

1

Fig. 1.
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Let N:= {1, ..., n} for a fixed integer n = 1. We put An;cp a; := 1
in any OML L.

Proposition 3.1. Let f: 2V — R and let p be a state on an OML L. Then
the property

Emﬂqaemu forany a,,...,a, e L 3.1

ICN
implies

Y fihef0,1] forany KCN (3.2)

ICK

Proof. Let K C N be given. Put g; ;= 1 ifi € Kand g; := 0if i €
N\K. Then

[0, 1] > Efa)p(A a,-) =Y fp)y= fI) =
ICN iel ICK ICK

Proposition 3.2. Let f: 2V — R and let p be a state on an OML L. Then
the statement

> f(I)p(/\ ai) e [0, 1] forany ay,...,a, € {0,1}
ICN iel

is equivalent to (3.2).
Proof. This follows ideas of the proof of Proposition 3.1. m

Corollary 3.3. Propositions 3.1 and 3.2 also hold if f: 2V — Z, where
Z is the set of all integers.

Proof. This is a particular case of Propositions 3.1 and 3.2. m

Beltrametti and Maczyfiski (1994) and Linger and Maczynski (n.d.)
proved a slightly modified version of the following result:

Theorem 3.4. The statements (3.1) and (3.2) are equivalent for any state
p on a Boolean algebra L.

The formula in (3.1) defines a correlation function of order n, $%, (with
respect to a state p and a function f: 2V — R), i.e., §#: L" — R such that

ICN

Se(ay, ..., a,) = Ef([)p(/\ a,»> forany ay,...,a,eL
iel

In other words, S% is a linear combination of p(A;<; a;), and p(A;<; a;) can
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be represented as a joint probability of a; (i € I) in the state p. The for-
mal expression

0=3 f(I)p</\a,-) =1 (3.3)
ICN iel

is said to be a Bell-type inequality of order n. In view of Proposition 3.1,
throughout the paper and its continuation, we shall understand by a Bell-
type inequality only such an expression of the form (3.3), when f satisfies
(3.2). We say that the Bell-type inequality (3.3) holds in an OML L and for
a state p if it is true for all ), ..., a, € L. The inequality (3.3) generalizes
the original inequality of Bell (1964),

pla) + p(b) — planb) =1

when in (3.3) we put N = {1, 2}, (D) = 0, f({1}) = f({2D) = —f({1, 2}
=1

Theorem 3.4 provides a very simple method of verification of Bell-type
inequalities (Beltrametti and Maczyriski, 1994): We take a function f: 2V —
R and we investigate whether it satisfies (3.2). Because N has n elements,
this means we examine 2" inequalities: If all sums occurring in (3.2) lie in
the interval [0, 1], then the Bell inequality (3.3) holds in any classical model;
in the opposite case we reject the inequality as not valid in any Kolmogorov
probability model, and, in addition, in view of Propositions 3.1 and 3.2, also
not valid in any OML. In the first case, this Bell-type inequality can be used
as a test for a given system of events in order to see if it comes from a
classical or nonclassical physical system.

In physical praxis, for f we take a function with f(I) = 0 whenever A;.;
a; is not physically measurable. The verification procedure simplifies when
we consider a function f with integer values, in particular, when f: 2V —
{—1, 0, 1}. In general, for large values of n, some computational problems
can appear (Pitowsky, 1989), but as we shall see, the most important cases
aren = 2and n = 3.

In view of Proposition 3.1, we see that it can happen that the conformation
of the inequality (3.1) does not necessarily imply the classicality of the
corresponding physical system; as remarked in Pulmannovd and Majernik
(1992), there are nonclassical systems with Bell-type inequalities (3.3) satis-
fying (3.2).

In addition, if, for example, a and b are not compatible, so that a A b
is not commensurable, the values p(a A b) can also have a probabilistic
interpretation in the analysis of nonclassical systems, i.e. (for more details
see the end of Section 8)

pla A b) + pa nb*) + plat Ab) + plat AbH) =1
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Therefore in what follows we shall concentrate on finer questions con-
cerning the validity of Bell-type inequalities of type (3.3) in nonclassical
models and with their interpretation, and we give a more detailed characteriza-
tion of OMLs satisfying special types of Bell-type inequalities.

4. BELL-TYPE INEQUALITIES OF ORDER 2
The basic Bell (1964) inequality can be described in OMLs as follows:
pla) + p(b) — pla A b) = 1, a,bel “.1n

This type, which is a particular form of (3.3), has been intensively studied
in, e.g., Santos (1986, 1988), Pitowsky (1989), Beltrametti and Maczynski
(1992a,b, 1994), and Pulmannova and Majernik (1992).

In the present section, we show that (4.1) holds in any OML for any
subadditive or 0-additive state. We give some equivalent criteria for the
validity of the Bell-type inequality (4.1) in OMLs.

Santos introduced the separation (Santos, 1986) or the distance (Santos,
1988) S,(a, b) between two propositions a, b in the state p via

Sp(a, by = pla) + p(b) — 2p(a A b), a,bel 4.2)

He proved that if L is a Boolean algebra, then S, is a pseudometric on L?
For any two elements a and b in L, we define

alAb = (av b) A (a A D)t
and if p is a state on L we put
pa, b) := p(aldb), a,bel 4.3)

Theorem 4.1. Let p be a state on an OML L. Then the following statements
are equivalent:

(1) pla) + pb) — planb)=1forall q, b € L (Bell inequality).
(ii) p is subadditive.
(i) p is a valuation.
(iv) p is O-additive.
(v) p, is a pseudometric on L.
(vi) S, is a pseudometric on L.
(vii) S, = p,.
(viii) For every f: 2112 — R (f: 2!42 — Z) with

> A mapping S: L X L ~» [0, o) is said to be a pseudometric on L if, for all a, b, ¢ & L, (i)
S(a, a) = 0, (i) S(a, b) = S(b, a), (iii) S(a, b) = S(a, ¢) + S(c, b) (triangle inequality).
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> f(I)p(/\ a,-) e [0,1] forany a,,a € {0, 1)}
iel

IC{1,2}

we have

D f(I)p(/\ a,-) e [0, 1] forany ap,a, el
iel

ICii2}

(ix) For every f: 2108 — R (f: 2112} - Z) with
> fh) e [0, 1] forany K C {1, 2}

ICK

we have

> f(I)p(/\ al-) e [0, 1] forany a,,a, € L
iel

IC{1.2}

(x) There are a modular OML M, a homomorphism A from L onto
M, and a (positive) subadditive state P on M such that P(h(a))
= p(a) for any a € L.
(xi) There exists an o« > O such that | — a + ap(a@) + ap(b) —
aplanb)=<lforalla, b e L.
(xii) There exists an oo << 0 such that 0 = —a + ap(a) + ap(b) —
apla A b)foralla, b € L.
(xiii) O = pb) — p(c) — pla A b) — p(b A c) — plc A d) + pla A
d)foralla, b,c,d € L®

Proof. The equivalence of (i)—(iii), (vi), (vii), and (xiii) has been proved
in Pulmannov4 and Majernik (1992). Now let a, b, ¢ L.

(i) = (iv). This is evident.

(iv) => (iii). Since @ < (a A b)* b, due to the Foulis—Holland
theorem’ (Kalmbach, 1983; Pték and Pulmannova, 1991), (a v b) A (a A b)*
=qan(anb)vba(anb). On the other hand, [a A (@ A D)L] A [b A
(a A b)*] = 0, which implies

plav b) — p(a nb)
= p((a v b) A (a A b)Y)
®This inequality is a Clauser~Horne-type inequality.

7 Foulis—Holland theorem: If, for three elements x, y, 7 € L, we have x ~ y « z, then the
sublattice of L generated by {x, y, z} is distributive.
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= plan(anb)) + pb A (anb))
= p(a) — p(a A b) + p(b) — p(a A b)

Hence, p(a v b) + p(a A b) = p(a) + p(b).
(ii) = (v). According to Sarymsakov et al. (1983), the following inequal-
ity holds:

alb = (aAc) v (bAc) 4.4

Using the subadditivity of p and (4.4), we obtain (v).
(v) = (iii). From the triangle inequality for p, we conclude

pyla, b) = pyla,av b) + plav b, b)
plav b) — pla A b) = plav b) — p(a) + plav b) — pb)
p(a) + p(b) = p(a v b) + p(a A b)

The last inequality also holds when we change a and b to a* and b,
respectively, so that

pla®) + p(b*) = p(a* v b*) + pla* A b*)
p(@) + p(b) = pla v b) + p(a r b)

which implies that p is a valuation.

(viii) & (ix). This equivalence follows from Proposition 3.2.

(i) = (ix). Let f: 2112} —» R (f: 212 — 7Z) satisfy (3.2) for n = 2.
Define A = f(J), B = f({1}), C = f({2}), and D = f({1, 2}). Then (3.2)
implies the following four inequalities:

0=A=1]
0=A+B=1
0=sA+C=1
0=A+B+C+D=1

Multiplying the above inequalities successively by the nonnegative numbers
1 = pla) — p(b) + pla A b), p(@) — pla A b), p(b) — p(a A b), and
p(a A b), and summing all terms, we obtain

O0=A + Bp(a) + Cp(b) + Dplanb) =1

(ix) = (i). This follows easily using the function f with f(&) = 0, f({1})
= f({2)h) = —f({L,2}) = L.

(i) = (x). It is not hard to show that
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pllav o)A(b v ©) + p({a A A A ¢)) = p(aAb) 4.5)

We write a ~ b if p,(a, b)) = 0. From (v) and (4.5) we conclude that
~ is a congruence on L, i.e., an equivalence relation on L such that if a; ~
b,i=1,2,thena va, ~ b vbya Aa,~b Abyand ai ~ b, i =
1,2.Foranya € Lputfg]:= {b e L: b ~a}and let M := Li~:= {[la]:
a € L}. Then M is an OML with the least and greatest elements [0] and [1],
the orthocomplementation [a]* := [a*], the join [a] v [b] = [a Vv b], and
the meet {a] A [b] = {a A b].

If a < b, then [a] = [b] iff p(a) = p(b). Now assume [a] = [c]. Put ¢,
:= g v c¢. Then [¢] = {¢,] and @ = ¢,. Since p is modular and a v (b A ¢}
= (a v b) A c¢|, we have

(alv (B A fch) = ({a] v [B]) A lai] = [(a v b) A cl]
=lavac)l=lalv (bl Ale]) =Ilalv (bl AlcD

which proves modularity of M.

The canonical mapping A: L — M, defined viaag - [af,a € L, is a
homomorphism from L onto M.

We define a mapping P: M — {0, 1] by P(lal) = p(a), a € L. Since
p,{a, by = 0 implies 0 < p(a A (a A b)*),

plbafanbt) =plavb)yalanb)t) =0
and hence

p(a) = p(a A (a A b)") + pla A b)
=planb)=planb)
= p(b A (a A b)") + pla A b) = p(b)

we see that P is well defined.
If [a] L [b], then p(a) = pla A b*) and p(b) = p(a* A b) and hence

pla v b) = p((a A bt) v (a* A b))
= pla A bt) + pla* A b)
= p{a) + p(b)
= plav b)

which shows that P({a} v [p]) = P([a]) + P([b]). Therefore, P is a subadditive
state on M. In addition, P({a])} = O iff p{a) = 0, which is equivalent to {a]
= [0].

(x) = (ii). This is evident.

x) & D). 1 —a+ apla) + ap(b) — apla A by = 1 iff a(p(a) +
pb) —pland)) =a

i) & (1). 0 = —a + ap(a) + apb) — ap(a A b) iff a(p(a) + pb)
—planb) =Zo =m
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In Pulmannovd and Majernik (1992) and Ptdk and Pulmannovi (1994)
it is shown that if the Bell inequality (4.1) holds for any p from an ordering
or unital system % of states on L, then L is a Boolean algebra.

Now we present an example of an OML not a Boolean algebra in which
the Bell inequality (4.1) holds for any state on it.

Example 4.2. There exists a non-Boolean OML L with the nonempty
system of all states such that any Bell-type inequality of order 2 satisfying
(3.2) holds for any state on L.

Proof. Let L be the OML from Proposition 2.4.10 in Ptdk and Puiman-
nova (1991), i.e., L = L, X L,, where L, is a stateless OML, L, = {0, 1},
and L; X L, is the product OML of L; and L,.®

Then L is a non-Boolean OML and on L there exists a unique state p,
namely p(a, 0) = 0 and p(a, 1) = 1 for any a € L;. An easy calculation
shows that p is subadditive. m

It is well known that p defined via (2.4) is a subadditive state on L(H)
for a finite-dimensional Hilbert space H. This OML is not a Boolean algebra
whenever dim H > 1; we recall that it is an important model for so-called
finite-dimensional quantum mechanics (Busch et al., 1993). In view of the
equivalence of (ii) and (viii) in Theorem 4.1, we see that if p is a priori a
subadditive state, then there is no Bell-type inequality, equivalently, no test
using only pairs of propositions a and b which can decide whether the system
under testing is classical or nonclassical.

Or it follows that the confirmation of any Bell-type inequality with N
= {1, 2} does not imply the classicality of the system.

In the following section, we shall deal in a more detailed way with
subadditive states on L(H).

Proposition 4.3. Let p be a state on an OML L, and let f: 2(%% - R
be a nonzero function. For the statements
(1) p is subadditive;
(i) the mapping S7: L* — R, defined by

S%(a, b) := f(D) + f({1)pa) + f({2))p(b)
+ f({1, 2Dp(a A b), abel

is a pseudometric on L;
(i) f(D) = 0and f({1}) = f({2}) = —f({1, 212 > 0;
we have (il) = (iii) and (ii) = ().
8Let (L, =,, 0, 1, *1);; be a system of OMLs. Then L = II,_,L; is an OML, where {a;};, <

{b;);iff a; <, b, for any i € I, and {a;};}:= {ai }; with the least and greatest elements 0 =
{0:};and 1 = {1,},, respectively. L is said to be the product OML of the system of OMLs {L;},;.;.
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Proof. (ii) = (iii). This follows from 0 = S2(1, 1) = S2(0, 0) = f(L),
and from S%(1, 0) = §#(0, 1) = 0.

(it) = (i). Let a, b € L and put a := f({1}). Then S%(a, b) = op(a)
+ ap(b) —2ap(a A b). In view of (ii), S¥(a, b) < S¥(a, a v b) + Sh(a v
b, b), which gives

ap(a) + ap(b) — 2oapla A b)
= ap(a) + ap{a v b) — 2ap(a) + ap(a v b) + ap(b) — 2op(b)
2ap(a) + 2ap(by = 2ap(a v b) + 2ap(a A b) (4.6)

Changing a and b in (4.6) to a* and b*, respectively, we finally obtain p(a)
+ p(b) = pla v b) + p(a A b) for all a, b e L, which is equivalent to the
subadditivity of p. ®

5. BELL-TYPE INEQUALITIES OF ORDER 2 IN
HILBERT SPACES

Let p be a state on an OML L. We say that an element gy € L is a
support of p if p(b) = 0 for some b € Liff b L ay. It is easy to show that
if a support of p exists, it is unique:

ay = /\{a € L: p(a) = 1}
and p(ay) = 1.

Proposition 5.1. If aq is the support of a subadditive state on an OML
L, then a; € C(L).

Proof. Let a be an arbitrary element of L. Using the valuation property
of p, we have

1 = plagnavagaat)
= plag A @) + p(ag A a*)
= plag) + p(a) — plag v a) + plag) + pla*) — plao v a*)
=3 —plagva) — plagvat) =1

Therefore, p(ay A a v ag A a*) = 1. Since ay A a v ay A a* = ay and since
ay is the support of p, we conclude that ag A a v @y A a* = a;. Since a was
an arbitrary element of L, this implies ¢y € C(L). =

it is well known that if H is a finite-dimensional Hilbert space, 1 =
dim H = n, then p defined via (2.4) is a subadditive state on L(H). We show
that any subadditive state on L(H), 1 = dim H < o, has the form (2.4). It
is worth saying that we do not have to use the Gleason theorem, which holds
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only for L(H) with dim H = 3. We recall that if x is a nonzero vector in H,
then M, denotes the one-dimensional subspace of H generated by x.

Proposition 5.2. Let 1 = dim H =n < %, Then we have:

(i) Any subadditive state on L(H) has a support.
(i) 'The support of a subadditive state on L(H) is equal to H.
(iii) Any subadditive state p on L(H) is of the form (2.4).

Proof. (i) Let p be a subadditive state on L(H) and put L,‘, =M e
L(H). p(M) = 1}. Then L,', # . Let My := A{M: M e L)}. It is clear that
M, € L(H). Since the dimension of H is finite, there are finitely many
elements M,, ..., M, of L,‘, such that My = A, M, Then p(M§) =
p(vVi, M) = 3k p(M;) = 0, which proves that M, is the support of p.

(i) It is well known that for any H, L(H) is irreducible.’ Since for the
support M, of p we have p(My) = 1, Proposition 5.1 implies My = H.

(iiia) If dim H = 1, then the assertion (iii) is trivial. So assume dim H
= 2. We claim that, for any unit vector x € H, p(M,) = 1/2. If not, we can
find such an M, such that p(M,) < 1/2 (or we choose M3). It is easy to find
a unit vector y € H\(M, U M;) such that p(M,) = 1/2. Then p(M, v M)
= p(H) = 1 > p(M,) + p(M,), which contradicts the subadditivity of p.
Hence, p is of the form (2.4).

(iiib) Let 3 = dim H = n < o, We assert that, for all unit vectors x
and y in H, we have p(M,) = p(M,). Indeed, if x and y are linearly dependent,
then M, = M, so that P(M,) = p(M,). If x and y are linearly independent,
they generate a two-dimensional subspace H of H. The mapping p, on L(Hy),
defined via

poM) := p(M)Ip(Hp), M e L(Hp)
is a subadditive state on L(Hp) [we note that p(Hy) > 0 in view of (ii)].
According to part (iiia), po(M,) = po(M,), which gives p(M,) = p(M,).
Choose an orthonormal basis {x;}7., in H; then 1 = p(H) = 37,
pM,) = np(M,), which gives p(M,) = 1/n for any unit vector x € H;
consequently, p has the form (2.4). =
Proposition 5.3. Let dim H = «. Then we have:

(i) If p is a subadditive state on L(H), then p(M) = 0 for any finite-
dimensional subspace M of H.
(i) There is no subadditive, completely additive state on L(H).

Proof. (1) Let p be a subadditive state on L(H). Assume p(Mg) > 0 for
some finite-dimensional subspace M, of H. For two given linearly independent

9For example, for M e L(H), {0} # M # H, choose a unit vector x € H\ (M U M"). Then
M. =M AMvM M = {0}
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unit vectors x and y, define H, = M, v sp(x, y).!° Applying Proposition 5.2
to the subadditive state py on L{H,), defined via po(M) := p(M)/p(Hy), M
L(Hy), we conclude that p(M,) = p(M,). Put N := p(M,), and choose a
countable, infinite orthonormal system {x;}7=, in H. Let H, = sp(x,, .
x,). Then

.oy

p(H) = p(H,) = n\

for any n = 1. Hence, A = 0; consequently, p(M) = 0 for any finite-
dimensional subspace M of H.

(i1} Assume there exists some a subadditive, completely additive state
p on L(H). Choose an ONB {x;} in H. In view of (i), | = p(H) =
p(\/i M) = 2, p(M,) = 0, which is a contradiction. m

We recall that in Sarymsakov et al. (1983, p. 62), using the method of
uniformities on quantum logics, it has been proved that on L(H), dim H =
X, there is no separating system of subadditive, completely additive states.

We note that due to Aarnes (1970; Dvurecenskij, 1993), any finitely
additive measure on L(H) can be uniquely expressed as the sum

p=ptpm (5.D

where p, is a completely additive measure on L(H) and p; is a finitely additive
measure on L(H) vanishing on any finite-dimensional subspace of H. In
addition, if dim H = oo, then by Alda (1980), there is no 0—1-valued state
on L(H).

For a generalization of Proposition 5.3, see Proposition 6.8.

The result of Proposition 5.2 can be generalized as follows. Let S(H)
denote the set of all skew operators on H, i.e., of all linear operators P: H
— H such that P* = P. Then any idempotent operator is continuous (Dunford
and Schwartz, 1957) and S(H) contains as a subset the set P(H) of all
orthogonal projections on H, i.e., of all Hermitian idempotents on H.

Put E:=RanP = {Px:x e H} = {x e H:x = Px} € L(H) and F :=
KerP = {xe HHPx =0} e L{(H). Then EN F = {0} and E + F = H,
and P projects any vector x € H onto E parallel with F. This relationship
among P, E, and F will be written as P = w(E, F). If, for E, F € L(H) we
have E N F = {0} and E + F = H, then E, F determine a unique skew
operator P = m(E, F) € S(H). Indeed, we put Px = x|, x € H, whenever x
=x +x,x € E,x, € F.

We have I — w(E, F) = w(F, E) and w*(E, F) = w(F+, E+), where /
is the identity operator on H.

0For every subset M of a vector space V, let spM denote the linear subspaces of V generated
by M.
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We endow S(H) with internal structures: For P, Q € S(H), we write P
= Qiff PQ = QP = P, and P+ := I — P. Then S(H) is an OMP'"'? with
respect to = and *, defined above, and, in addition, if P L Q,i.e., P = o+,
or equivalently PQ = QP = O, where O is the null operator on H, then
Pv Q =P + Q. We recall that w(E,, F,) = w(E,, F,) iff E; C E; and F,
C Fi.

It is possible to show that if dim H =< 2, then S(H) is an OML. If dim
H = 3, then S(H) is not an OML. This follows from the following statement: If

w(E, F)) v m(E,, F>) = w(E, F) (5.2)

and w(E, F) # I, then E, v E, = E and F = F; N F, [here v is taken in
L(H))]; conversely, if E = Ey v E,, F = F{ N F,, EN F = {0}, and
E + F = H, then (5.2) holds. [For a more general statement see Mushtari
(1989).]

Indeed, it is clear that E, := E, v E, C Eand F;, N F, 2 F. If, for
example, E, # E, there exists a unit vector x in E orthogonal to E,. Choose
a Hamel basis {x;: i e I} of E containing the vector x = x;, such that {x; i
e I}\{x} is a Hamel basis of E N M; and a Hamel basis {y;: j € J} of F.
Take a vector y;), jo € J, and put

E = sp({x;:i e Ni}} U {xip = YD)

Then E N F = {0}, E + F = H, and w(E, F) dominates w(E,, F;) and
7(E,, F,), but w(E, F) and mw(E, F) are not comparable, which contradicts
(5.2), and hence E, = E. Since P* = Q* iff P =< Q, changing 7 to 7* in
(5.2), we obtain F; N F, = F.

It is worth saying that if m(E,, F|) L w(E,, F,), then

m(E,, Fy) v m(Ey, F) = w(Ey, Fy) + w(Ey, Fy) = w(E, + E,, FL N F,)

(5.3)
Indeed, we have E, + E, C E, F;, N F, D F, where w(E, F) is that from
(5.2).If x € E, then

X = TT(E, F).x = TT(E], Fl)x + 1T(E2, Fz)x S El + E2
Choose a skew operator P € S(H) and define
A=PP+ (- Py*(I — P) 5.4

" An orthomodular poset (OMP) is a poset L with a partial ordering =, least and greatest
elements 0 and 1, and orthocomplementation 1; L — L such that for all 4, b & L we have
(i) a*t = a, (it) if a < b, then bt = g*, (iii) ifa = b*,thena v b e L, (iv) if a = b, then
b=avat.

2A nonnegative mapping p on an OMP L is said to be (i) a swate if p(1) = 1, and, if
pla v b) = p(a) + p(b) whenever a L b, (ii) subadditive if p(a v b) = p(a) + p(b) whenever
a v bexists in L.
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Then A is a Hermitian, positive invertible operator on H [A™! = Pg,, pP*
+ Py oI — P¥)] and it defines on H a new inner product (-, -), via

xa:=Ax,y), x,yeH

Then H with respect to (-, - )4 is again a Hilbert space, and the topologies
induced by ||-|| and ||- ]|+ are the same.

Let % ,(H) denote the set of all orthogonal projections on H with respect
to (-, *)4. We note that P(H) = P,(H). Then

StH) = U P4 (H)
A

where A is defined via (5.4), or S(H) = U, P, (H), where A is any positive
invertible operator on H. In addition, P € P,(H) & AP = P*A & P* €
QPA_I(H).

Proposition 5.4. Let 1 = dim H = n < «. Then on S(H) there is a
unique state, which is subadditive on any P, (H), namely p: S(H) — [0, 1],
defined via

p((E, F)) := dim E/n, P=mw(E, F) e S(H) (5.5)

Proof. Define p on S(H) via (5.5). Since P, = w(E, F;) L P, = w(E,,
F)iff E, C Fyand E, C F\,wehave E, N E, C E, N F, = {0}. According
to (5.3), we have

p(Py v Py = dinlE, v Ey)/n = dim E\/n + dim E,/n = p(Py) + p(Py)

Finally, p(I) = p(w(H, {0})) = 1, which proves that (5.5) defines a state
on S(H).

We assert that if Py, P, € P,(H), then P; v, P, exists in P4(H) [v,
denotes the join taken in B ,(H)] as well as P; v P, exists in S(H), and both
are equal. Indeed, let P; = w(E, F)),i = 1, 2. Then P, v4 P, = w(E, v4 E;,
F] N F2) But

Ey vy Ey = (sp(Ey U Ep)) 4 = (sp(E), U Ey))” = E| v E,

where ~4 and ~ denote the closure with respect to ||-]|, and ||+ ||, respectively.
On the other hand, F, A, F, = F, N F, = F| A F,. Therefore, p defined via
(5.5) is subadditive on any P,(H).

Now assume that p is a state on S(H) which is subadditive on any
P (H). If P is an orthogonal projection onto a closed subspace M e L(H),
then P = w(M, M1) = Py, € S(H). The restriction of p onto the set P(H)
of all orthogonal projections on H is a subadditive state on P(H) [we note
that if Py, Py & P(H), then the join of Py, and Py in S(H) exists and is
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equal to Puyn]. By Proposition 5.2 [we can identify M e L(H) with Py,
e P(H)]

p(w(M, M*)) = dim M/n, M e L(H)

Therefore the restriction of p to %P4(H) is a subadditive state on P,(H),
so that p is the state in question. =

It is worth saying that the former proposition has been proved without
referring to Gleason’s theorem; the extension of Gleason’s theorem to S(H)
can be found in Mushtari (1989). We recall that (5.5) can be rewritten as

p(P) = u(P)in, P e S(H)

where tr denotes the trace. Indeed, let P = w(E, F) € S(H) and choose an
ONB {x;}; in E and an ONB {y;}; in E*. Then

tr(P)/n = Z (Px;, x) + 2 (Py;, y;)
i J
= dim E/n + Y, (y;, P*y;)
J
= dim E/n + M (y, w(F*, E)y)
J

= dim E/n

In addition, according to Mushtari and Matvejchuk (1985), we can show
that any state on S(H), 2 # dim H < oo, has the form (5.5). We may obtain
the same result for S(H) when H is an n-dimensional complex Hilbert space,
n = 3, without applying Gleason’s theorem, from Mushtari and Matvejchuk
(1985): Let f be a positive bounded linear functional on the set B(H) of all
bounded operators on H, which is an extension of the state p on S(H) (Yeadon,
1983, 1984; Christensen, 1982). Due to Petz and Zemanek (1988, Theorem
2), the condition sup{ f(P): P € S(H)} < = is equivalent to f being tracial
on B(H). By Kadison and Ringrose (1986, Example 8.1.2), on B(H) there
is a unique tracial functional f with f(/) = 1, namely f(A) = ctr(A), A e
B(H); consequently p(P) = tr(P)/n, P € S(H).

Remark 5.5. (i) If dim H = 2, then on S(H) there is a unique subadditive
state, namely p given by (5.5).
(ii) If dim A = 3, there is no subadditive state on S(H).

Proof. (i) Checking all possibilities in S(H), we can see that p defined
by (5.5) is the unique subadditive state on S(H).
(ii) Take E,, E; € L(H) such that dim F, = n — 2, dim E, = 1, E,

C E,, and let F|, F, be complements of E| and E,, respectively, such that
)
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F,NF,CE vE,Then w(E,, F}) v w(E,, F;) = I, but dim E; + dim FE,
< n, which proves that p defined by (5.5) is a state on S(H), which is not
subadditive on S(H) [it is subadditive only on every P, (H)]. =

Theorem 5.6. If p is a Jauch—Piron state on an OML L and p~!({1})
satisfies the d.c.c.,!® then p has a support.

Proof. Suppose p has no support. Since 1 is not the support of p, there
exists an a; & L\{1} with p{a;) = 1. Since g, is not the support of p, there
exists an element a, € L with a; ¥ a, and p(a,) = 1. Because of a; % a,,
we have a; A a; < a;. The Jauch—Piron property of p implies p(a; A a,) =
1. Since a; A a, is not the support of p, there exists an a; € L with a; A a,
= az and p(a;) = 1. Because of a; A ay £ as, we have a, A a; A a3 < g4
A a,. The Jauch—Piron property of p implies p(a; A a; A a3) = 1. Going on
in this way, one obtains an infinite strictly descending chain 1 > a; > a; A
a, > a; Aay Aas > -+ in p~Y({1}), contradicting our assumption. Therefore,
p has a support. =

Remark 5.7. Every L(H), if dim H < o, satisfies the d.c.c.; consequently,
every Jauch—Piron state on L(H), dim H < ¢, has a support; compare
Proposition 5.2.

6. OTHER SUBADDITIVE STATES

In this section, we present subadditive states on other OMLs. First we
show that if H is a two-dimensional Hilbert space, then the assertion (iii) of
Proposition 5.2 is a particular case of the following result concerning subaddi-
tive states on horizontal sums of Boolean algebras.

Let (L, =<, %, 0, 1);c; be a nonvoid system of OMLs such that (i) 0
=0, 1 =:1;foranyi e ,and Gi)) L; N L; = {0, L} forany i,j € I, i #
j. By L = 3., L; we denote the horizontal sum of (L;);.;, where L = U,
L;. We put a = b if there exists some i € [ suchthata, b € L;and a =; b.
Foralli € I and all a € L;, we put a* := a*i. An easy calculation shows
that L together with =<, *, 0, 1 is a well-defined OML.

Proposition 6.1. Let L = X;.; B; be the horizontal sum of a system of
Boolean algebras {B;};c;, where |/l > 1 and IB;| > 2 for any i € I. Then
there is a subadditive state on L, say p, if and only if |B;| = 4 forany i e
I In this case, p is unique and p(a) = 1/2 for any a € L\{0, 1}.

3We say that a poset P with a partial ordering =< satisfies the descending chain condition
(d.c.c.) if there do not exist infinitely many elements a,, ay, ... of P witha; > a, > . ...
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Proof. If 1B;| = 4 for any i € I, then it is easy to see that p: L — [0,
1] such that p(0) = 0, p(1) = 1, and p(a) = 1/2, a €L\{0, 1}, is a subadditive
state on L.

Conversely, let p be a subadditive state on L = 3,;.; B;. Suppose there
is an a eL\{0, 1} such that p(a) < 1/2. Choose any b € L\{0, 1, a} with
p(b) = 1/2. Then p(a v b) = p(1) = 1 > p(a) + p(b), which contradicts
the subadditivity of p.

Since, for arbitrarily fixed i € I, p|B; is a state on B; and p(a) = 1/2
for any a € B)\{0, 1}, from the equality a = a A b v a A b*, which holds
for any b e B,, in particular for any a, b € B)\{0, 1, a}, we conclude that
IB,I =4 =

We can obtain another interesting class of projections on a Hilbert space
considering Krein spaces. So let H be a Hilbert space and P any orthogonal
projection on H. We put / = P — (I — P) and define a new inner product
[, *]on H X H via

[x’ y] = (Jx, )’), x, y e H

Then [, -] is not necessarily a positive inner product. Denote by I'* := {x
eHx,xj=1}, T =kxeHxxl=-1,T"={xe H [x,x] =
0}, and H* := PH, H™ := (I — P)H. A vector x € H is said to be isotropic
if x e TO.

For example, if H = R? and dim H* = 1, then I'* U I'"™ consists of two
hyperbolas x* — y*> = *1, and I'® consists of two lines y = =x. If H = R?
and dim H* = 2, then two rotational hyperboloids x* + y?> — z2 = *=1 form
" U I'". We recall that the case H = R* and dim H* = 1 is used as a
Minkowski space in special relativity theory. For more information on Krein
spaces see, e.g., Azizov and Yokhvidov (1986) and on their applications in
physics see Nagy (1966).

Denote by K;(H) the set of all idempotent linear operators P on H such
that [Px, y] = [x, Py] for all x, y € H, or equivalently JP = P*J. For two
elements P, Q@ € K;(H) we write P < Q iff PQ = QP = P, and put P/ :=
I — P. Then K,;(H) with respect to = and 1, is an OMP with the least and
greatest elements O and /, respectively. We recall that P 1 ; Q iff PQ = QP
= (0, and then P v Q exists in K;(H)and Pv Q = P + Q. If P = [, then
J =1and K;(H) = P(H).

For any subspaces M of H we put M/ := {x € H: [x, y] = 0 for all
y € M]}. A subspace M of H is said to be projectively complete if M +
M+’ = H. 1t is possible to show that P € K,;(H) iff P = w(M, M*)) for
some projectively complete subspace M; in abbreviation, we write P = w(M).

We note that M is a one-dimensional projectively complete subspace of
H iff P = w(sp(x)) = [x, x}{-, x]x for some x ¢ I'* U I'". In addition, for
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any subspace M of H we have M/ = JM*, and it is a mirror image of M
with respect to the axis H*.
It is possible to show, similarly as for S(H), that if

w(Myp) v w(My) = w(M) (6.1)

then M, v M, C M, where v is taken in L(H), and if w(M,) L; w(M,), then
M= M, v M, =M, + M, Unfortunately, in general, M, v M, ¥ M, as
shown in Example 6.4.

Example 6.2. Assume dim H = 2. Then K,;(H) is an OML, and any
subadditive state p on K,(H) has the form

p(m(M)) = dim M/2, wM) e K;(H)

Proof. This follows from the fact that K;(H) is a horizontal sum of four-
element Boolean algebras and from Proposition 6.1. =

An element P € K;(H) is said to be positive (negative) if {Px, x] > O
([Px, x] <0)for any nonzero x e PH. Itis well known (Azizov and Yokhvidov,
1986, Theorem 6.4) that every element P € K,(H) can be expressed as

P =P+ P
where P* and P~ are positive and negative elements of K;(H), respectively.
Equivalently, if P = w(M), then

M=M + M
where P* = w(M*) and P~ = w(M™). According to the inertia law (Azizov

and Yokhvidov, 1986, Theorem 6.5), if P = P, + P,, where P, and P, are
positive and negative elements of K,(H), respectively, then

dim M* = dim M, and dim M~ = dim M,

whenever M = M; + M, and M, and M, are positive and negative subspaces
of H.

Proposition 6.3. Let 2 = dim H = n < ® and kK := min{dim H*, dim
H™} = 1. Then any of the functions

(D)) = dim Min,  w(M) € K,(H) (6.2)
pym(M)) = dim M*idim H*,  w(M) € K,(H) (6.3)
py(m(M)) = dim M~/dim H-,  w(M) e K,(H) (6.4)

defines a state on K;(#). Consequently, any convex linear combination p =
)“lpl + )\2p2 + )\3[)3, )\[, )\2)\3 = 0, )\1 + )\2 + )\3 =1, Ofp],p2, P3 is a state
on K;(H), too.
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Proof If P =P*+ P~ € K;(H)and Q = Q0" + Q™ € K;(H), where
P*, Q" and P~, Q™ are positive and negative, then

PvO=P+0=P+O"+@P+Q =FP*+0H+FP +0)

and P* + Q" and P~ + Q7 are positive and negative. Using the inertia law,
we can prove the assertions of the proposition. =

We recall that (6.2) can be rewritten equivalently as
pi(P) = u(P)n, P e K;(H)

Example 6.4. (1) If H = R3, dim H* = 2, then K,(H) is a nonmodular
OML and p,, p,, p; are states on K;(H) which are not subadditive.
(ii) If k = 2, then K;(H) is not a lattice.

Proof. (1) In this case, the inner product [+, -] has the form [(x, y, 2),
(x, y, 2] = x> + y* — z% (x, y, 2) € H. Isotropic vectors lie on cones
determined by x? + y? = z2 If dim M, = 1, dim M, = 2, then by (6.1) we
have either w(M,) v w(M,) = w(M,) or w(M,) v w(M,) = w(H). If dim M,
=dim M, = 1, M, # M,, then M, + M, is either projectively complete,
and then w(M,) v w(My) = w(M; + M,), or M+ M, is not projectively
complete, and then w(M}) v w(M,) = w(H).

Take a nonzero isotropic vector x € H and let M, be the subspace of
H generated by x. Then M, is not projectively complete because M, N
M;? = M,. In M3}’ we can find two independent nonisotropic vectors y and
z. Then M, and M, are projectively complete and, in view of sp(y, z) =
Mz, w(M,) v m(M,) = w(H), which proves that p; in (6.2) is not subadditive,
consequently K,(H) is not modular.

Varying y and z such that both are negative and positive, we see that
p» in (6.3) and p; in (6.4) are not subadditive. We recall that p, is a 0-1-
valued state.

(ii) Choose two linearly independent nonzero isotropic vectors x and y.
In sp(x, y) we can find two linearly independent nonisotropic vectors u and
v. Then M, and M, are projectively complete, but w(M,) v w(M,) does not
exist in K;(H).

For more information on the extension of Gleason’s theorem to K, (H)
see Matvejchuk (1989, 1991).

The assertions of Proposition 5.2 can be generalized. Before that we
present the following result [for a o-additive variant see Ptdk and Pulmannova
(1991, Theorem 2.3.2)].

Lemma 6.5. Let L = L; X --- X L, be the product of OMLs L, ...,
L,. Then we have:
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(i) A real-valued mapping p on L is a state on L if and only if there
exist a nonempty subset I C {1, ..., n}, positive numbers o; > 0, { € I,
with ,.; a; = 1, and states p; on L; for every i e I such that

P((ah s an)) = 2} aipi(ai)s (al? ] an) € L (6'5)
In addition, this representation is unique.
(ii) On L there is no state if and only if, for every i = 1, ..., n, there
is no state on L;.
(iil) A state p on L is subadditive if and only if, for any i € I, the
corresponding state p; on L; in (6.5) is subadditive.
(iv) We have

S| =0 if Z. IS@y| =0

S| =1 if ;15@);=1

NOIS 2**‘0-2 ISy if 21 |SWy| > 1

Proof. (i) Let p be a state on L. Define I := {i € {1, ..., n}: p(1) >
0}, where 1' := (ay, ..., a,) withag; = 0;if j # i and a; = 1, if j = i. Then,
for any i e I, the mapping p;: L; — [0, 1], defined by pia) := p(a’)/p(1%)
foralla € L, where &' = (a;, ..., a,) witha; = 0, forj # i and g; = a
for j = i, is a state on L; Now (6.5) holds, where o; = p(1°), i € I The
uniqueness of the representation (6.5) is evident.

It is clear that (6.5) with given properties on the o;’s, I C {1, ..., n},
and p,, i e [, defines a state on L.

(ii) This follows from (i).

(iii) If each p, i e I, is subadditive, by (6.5) p is subadditive, too.
Conversely, let p be subadditive. Then, for any i e Iand alla, b e L; we have

a;pi(a v b) = pld v b) = pld) + pb) = a;(p;(a) + pi(b))

which proves the subadditivity of p;.

(iv) Put s := 3%, IS(L)1. Then IS(L)! = 0, 1, 2%, or max(I1S(L)!,
..., IS(LY), depending on whether s = 0,5 = 1, 1 < 5 < n, or s = 2%,
respectively. =

We say that an OML L has finite rank if there is an integer k such that
any set of mutually orthogonal nonzero elements in L has at most k elements.
The least such integer k is said to be the rank of L.
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Proposition 6.6. Let L be an irreducible modular OML of rank n. Then
on L there is a unique subadditive state p, namely

p(a) = dim a/n, ael (6.6)

where dim a is the cardinality of a maximal set of mutually orthogonal atoms
less than or equal to . In addition, 1 is the support of p.

Proof. According to Varadarajan (1968, Theorem 2.8), the number dim
a does not depend on the chosen maximal set of mutually orthogonal atoms
=g, and (6.6) defines a subadditive state on L.

Conversely, assume that p is a subadditive state on L. If p does not have
the form (6.6), then there is an a € L with p(a) # (dim a)/n. Clearly, 0 <
dim a < n. Let B and C be maximal sets of mutually orthogonal atoms less
than or equal to a and a*, respectively. Then there exist two atoms u, v €
B U C such that p(u) < p(v). Moreover, there exists an atom x of L with x
=uvvu#x#vand p(x) = p(u v v)/2. Such a possibility of finding a
third atom x less than u v v follows from Varadarajan (1968, Theorem 2.15).
Then p(u v x) = p(u v v) = p(u) + p(v) > p(u) + p(x), contradicting the
subadditivity of p. Hence, p has the form (6.6).

The fact that I is the support of p is now evident. =

We note that if H is an n-dimensional Hilbert space, then L(H) satisfies
the conditions of Proposition 6.6; consequently, any subadditive state on
L(H) has the form (6.6), or equivalently (2.4) (see Proposition 5.2).

Remark 6.7. Let L be a modular OML of finite rank, and C(L) be its
center. Since C(L) is of finite rank, too, there are finitely many elements cy,
..., c € Cl)such that () c; A ;= 0fori #j, ¢ v v =15 (D)
C(L) is precisely the set of all atoms of the form ¢, v - v, (1 =14, ...,

i, =k).Foreveryi=1,...,k L;:= Ly, = {b € L: b= ¢;} is an OML
with respect to L; defined by b*i = b* A ¢; for all b € L, Then L is
isomorphic to Ly X -+- X Ly [a = (@ A cy, ..., a A ¢y is a corresponding

isomorphism] and any L; is an irreducible modular OML of finite rank
(Varadarajan, 1968, Theorem 2.14). Hence, for any subadditive state p on L,
there exist by Lemma 6.5 and Proposition 6.6 a nonempty set [ C {1, ...,
k}, and positive numbers o; > 0, i e I, with 2,_; a; = 1, such that

pl@) =Y o;dim(@ A c)dime;, aelL 6.7)

iel

Conversely, any mapping p defined by (6.7) is a subadditive state on
L. Indeed, if a, b € L, using the Foulis—~Holland theorem, we have
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plav by =Y a;dim((a v b) A ¢;)/dim ¢;

iel

= o dim((a A ¢;) v (b A c))/dim

iel

iel

= ¥ a;dim(a A ¢;)/dim ¢; + D, o; dim(b A ¢;)/dim ¢;
iel

= p(a) + p(b)

In addition, the support of this subadditive state p on L is equal to
ay := Ve ¢;. Indeed, due to (6.7), for a € L, p(a) = 1 iff dim{a A ¢;) =
dim ¢; for any i € I, or, equivalently, a A ¢; = ¢; for any i e I, hence iff
a = dg.

Proposition 6.8. Let L be an irreducible, complete, atomic'* OML satis-
fying the exchange axiom,'® in which there exists an infinite set of mutually
orthogonal atoms.

(i) If p is a subadditive state on L, then p(a) = 0 for any a € L with
dim a < «.

(1) There is no subadditive, completely additive state on L.

Proof. By Kalmbach (1986, Theorems 8.20, 8.17), there exists a map
dim: L — [0, «] such that dim 0 = 0, dim a < = iff Ly, is modular, and
dim a is equal to the maximal number of mutually orthogonal atoms less
than or equal to a.

(i) Let p be a subadditive state on L. We claim p(a¢) = 0 whenever dim
a < oo, Indeed, suppose there exists an ¢ € L. We claim p(a) = 0 and p(e)
> (. Choose an f € L with e = fand (dim e)/p(e) < dim f < . Since all
atoms in Lyg s have dimension equal to 0, Ly 4 is an irreducible (Kalmbach,
1986, Theorem 10.8), modular OML of finite rank. Applying Proposition
6.6 to the subadditive state p/p(f) on Ly, one obtains p(e)p(f) =
(dim e)/(dim f). But (dim e)/(dim f) < p(e), which is absurd, hence p(a) =
0 whenever dim a < .

(i1) Suppose that p is a subadditive, completely additive state on L. Let
{a;} be a maximal system of mutually orthogonal atoms in L. Then 1 =
via;. Hence, by (i), 1 = p(1) = p(v;a;) = %; p(a;) = 0, which gives a
contradiction. =

14 An element @ # 0 of an OML L is said to be an atom of Lif b < a forb € L implies b &
{0, a}. An OML L is said to be atomic if, for any b e L\{0}, there is an atom a of L with
a=b.

SWe say that an element y of an OML Lcoversx e Lifx <y x # yandifx =z =y, z
e L,imply z € {x, y}. The OML L satisfies the exchange axiom if, for a, b € L, we have:
If a covers a A b, then a v b covers b.
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7. BOOLEAN ALGEBRAS AND BELL-TYPE INEQUALITIES OF
ORDER 2

In the present section, we give some conditions characterizing Boolean
algebras among OMLs via sets of subadditive states, which in view of
Theorem 4.1 correspond to states satisfying the Bell inequality (4.1).

We recall that M, denotes a lattice with the base set {e, a, b, c, d, f)
such that e < a, b, ¢, d = fand a, b, ¢, d are mutually different and not
comparable, i.e., its Hasse diagram is given by Fig. 2.

Theorem 7.1. If an OML L is not a Boolean algebra, then it contains a
sublattice isomorphic to M, containing O and a sublattice isomorphic to M,
containing 1.

Proof. Let a, b € L with a 4 b be given. Put ¢ := com(q, b) < 1
[(2.3)] and define a; :=a A ct,a, :=a* Act,a3:= b Act, and a4 := b
A ct. Then we have a; = a A (a*t v b) A (@t VU bY),a, = a* :VD (a v
Daavb),as=ba(avb)a(a vbt)anda, = bt A(avb) v (a*
v b). Since a + b, we have a* < (a* v b) A (at v b') and hence a, # 0.
Similarly we have a; # 0 for all i.

Obviously, a; A a, = 0. Moreover,

ara=@Ac)ABAcCY) =(@nb)act
=(anb)ya@ vbt)y=0

In a similar way it follows that a; A ¢; = O for i # j. Now a; v a; = a A
ctvatact=@varct =ctanda vas=anctvbact =@
v b) A ¢* = ¢*. In a completely analogous way one obtains a; v a; = c*
for i # j.

Since a; A @; = 0 for i # j and a; # 0 for all i, the a; are pairwise
distinct. The existence of an integer i € {1, ..., 4} with aq; = ¢* would

f

Fig. 2.
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imply @; = a; A ¢t = a; A a; = 0 for j # i, which is a contradiction, too.
Therefore, ¢+ # g, for all i. This shows that {0, a,, . .., a4, c*} is a sublattice
of L isomorphic to M, and containing 0. Clearly {c, af, ..., af, 1} is a
sublattice of L isomorphic to M, and containing 1. =

Lemma 7.2. Let L be an OML which is not a Boolean algebra and p a
subadditive state on L. Then there exist A, B C L\{0, 1} with |A| = IB| =
4 such that pla) = p(b) < 172 for all a, b € A and p(c) = p(d) = 1/2 for
allc,d € B.1S

Proof. By Theorem 7.1, there exists a sublattice L; of L isomorphic to
M, and containing 0. Let A denote the four-element antichain of L;. Then A
C L\{0, 1} and, for all a, b € A, we have p(a) = p(a v ¢) — p(c) = p(b
v ¢) = p(b), where ¢ € A\{a, b}. Moreover, p(a) = [p(a) + p(b))/2 = pla
vb)l=1R2fora, b e A, a # b.

The second statement follows dually. w

Theorem 7.3. Let L be an OML which has a set % of subadditive states
such that, for every A C L\{0, 1} with |A| = 4, there exists ap € P with
Ip(A)! > 1. Then L is a Boolean algebra.

Proof. If L were not a Boolean algebra, then, by Lemma 7.2, there would
exist an A C L\{0, 1} with 1Al = 4 such that Ip(A)] = 1 forall p € P,
contradicting our assumption. Hence L is a Boolean algebra. =

Theorem 7.4. Let L be an OML which has a set @ of subadditive states
such that, for every A C L\{0, 1} with 1Al = 4, there exist a p € P and
an a € A with p(a) > 1/2. Then L is a Boolean algebra.

Proof. If L were not a Boolean algebra, then, by Lemma 7.2, there would
exist an A C L\{0, 1} with {Al = 4, such that p(@) = 12 forall p € P
and all a € A, contradicting our assumption. Hence, L is a Boolean algebra. ®

Theorem 7.5. Let L bean OML which has a set % of subadditive states
such that, for every A C L\{0, 1} with |A| = 4, there exists a p € P and
an a € A with p(e) < 1/2. Then L is a Boolean algebra.

Proof. This is analogous to the previous proof. =

Theorem 7.6. Let L be an OML which has a generating set M and a set
% of subadditive states with the property that a € L, b € M, and p(a) =
p(b) for all p € P imply a = b. Then L is Boolean algebra.

'5One of the authors is grateful to Dr. M. Navara for calling his attention to these facts.
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Proof. Let a, b € M. Then, for all p € P, we have

pla A (a* v b)) = p(a) + pla* vb) — 1
—p(a*) + p(a*) + p(b) — pla* A b)
= p(b)

whence a A (a L v b) = b. Since a A (at v b) = a, we conclude a A
(a* v b) = a A b, and therefore a A (a* v b) = a A b. But this is equivalent
toa <~ b.

Remarks 7.7. (i) Theorem 7.1 follows also from the fact that an OML
is a Boolean algebra iff it neither contains MO2 nor MO2 X 2! as a subalgebra.
(This follows from the following results (Beran, 1984, Chapter 111.2): (a)
The free OML F, of rank 2 is isomorphic to MO2 X 2% (b) The subalgebra
generated by two noncommuting elements of an OML must be a nondistribu-
tive homomorphic image of F», i.e., it must be isomorphic to MO2 X 2! for
somei € {0,...,4]}.(c) MO2 X 2! is isomorphic to a subalgebra of MO2
X2forl=i=<j.

(ii) If an OML L has an ordering (Pulmannovd and Majernik, 1992,
Theorem 4) or full system of subadditive states, then the conditions of theorem
7.3 are fulfilled.

(iii) Theorem 7.4 generalizes the known result that an OML having a
unital set of subadditive states (Ptdk and Pulmannovd, 1994) is a Boolean
algebra.

(iv) Theorem 7.6 generalizes the assertion (Pulmannova and Majernik,
1992, Theorem 4) that an OML having an ordering set of subadditive states
has to be a Boolean algebra.

i
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